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ABSTRACT

Given a pair of an ergodic measured discrete equivalence relation R and
a subrelation & C R of finite index, a classification of the inclusion up
to orbit equivalence will be discussed. In case of amenable and type Il
relations, the orbit equivalence classes of inclusions will be completely
classified in terms of a collection of a subgroup H and a normal subgroup
Gy of a finite group G and an ergodic group (G/Go) extension of a non-
singular flow. This is a generalization of Krieger's theorem by which orbit
equivalence classes of single relations were classified. Due to this result,

essential type III inclusions will be made clear.

1. Introduction

Given ergodic non-singular transformations R and S of a Lebesgue space, we
suppose each S orbit is contained in an R orbit. Our concern is to see how mea-
surably S sits in an R-orbit in view of orbit equivalence. This question has a close
connection with a classification of subfactors in von Neumann algebra theory. As
a matter of fact, so called group measure space construction factors by R and S,
respectively, give us a factor and a subfactor. When we deal with single trans-

formations R, orbit equivalence of R tells us a classification of the corresponding
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factors. But what about the case of pairs of transformations R and S7 In this
setup it is very natural to consider orbit equivalence preserving suborbits. Our
purpose of this article is to classify suborbits up to orbit equivalence.

As we are concerned with orbits, we should adopt pairs of a measured discrete
ergodic equivalence relation R and a subrelation S instead of R and S. In [Sutl],
Sutherland claimed that if the number of S orbits in an R orbit is finite then
the orbit equivalence of an inclusion S C R is described in terms of the cross
product of a common subrelation P by a finite group action ag and a subgroup
action ay respectively. It is shown in [Ham?2] that the collection {P, H C G,ag}
is uniquely determined up to orbit equivalence.

Based on these observations, we will show a complete invariant of the inclusion
S C R of type Ill; amenable equivalence relations in terms of the collection of
a subgroup H and a normal subgroup Gy of a finite group G and an ergodic
finite group extension of a non-singular flow. This is just a generalization of the
Krieger theorem [Kri] by which single equivalence relations R are classified in
terms of a non-singular flow. In type II case, a complete invariant was shown in
[Ham2] in terms of a finite group G and a subgroup H which does not contain any
non-trivial normal subgroup of G. This is a generalization of the Dye theorem
[Dye].

Our main theorem is

THEOREM 6.1: Up to orbit equivalence, conjugacy of subgroups and conjugacy
of extensions of flows, there exists a bijection Y:

{{R,S)] R and S (C R) are ergodic amenable equivalence relations
of type Illy and index [R: S] < oo}

{((G7 H, Go), ({Fi}’ {St}? 7'!') ) l
G a finite group, Gy a normal subgroup of G and H C G a subgroup
which does not contain any non-trivial normal subgroup of G, and
({F:}, {S:}, ) an ergodic group (G/Gg) extension}.
Here {S,} is an ergodic, non-singular aperiodic flow and {F,} is an ergodic G/Go-
extension of {S;} and « is the factor map, 7F; = S;m (t € R).

In [Ham3], the injectivity of the map T is stated in certain restricted cases.
The surjectivity is seen in [Ham3] and [Sut2, Theorem 2.3 and Proposition 3.1].
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Let us explain the content of each section. In section 2, we recall a canonical
system {P, H C G, aq} consisting of a common subrelation P, finite groups H C
G and an outer action ag of P to describe the inclusion & C R ([Sutl],[Ham2]).
Also minimal group covers of finite extensions of transformations are discussed
and the uniqueness of the cocycle equipped with a minimal group cover will be
crucial in the proof of injectivity of Y.

In section 3, we show the associated flow {F{’} of the subrelation P is an
ergodic finite group extension.

In section 4, we show a common discrete decomposition of the equivalence
relations R,S and P by using a lacunary measure. Their associated flows are
represented by flows built under functions with a common ceiling function deter-
mined by the lacunary measure.

In section 5, when the group extension of the flow of data T(R,S) is given in
terms of flow built under functions with a common ceiling function, we recover
a corresponding lacunary measure, by which the group extension of the flow
is defined. This construction will play an important role in proceeding with a
copying lemma in the proof of the main theorem.

In section 6 we prove our main theorem. In the proof of injectivity of T an
idea of a copying lemma is efficiently used by the use of a lacunary measure
constructed in section 5, as in [KaWe] where Y. Katznelson and B.Weiss showed
a simple proof of the Krieger theorem [Kri}.

In section 7, we apply our main theorem for the splitting problem, that is, it
is natural to ask when an inclusion of a type IIly equivalence relation R and a
subrelation & comes from a type II inclusion by taking respectively a product
with a common type III, equivalence relation.

In section 8, we investigate essential type III inclusions of subrelations. Quite
easily we see that there are lots of non-splitting inclusions. This fact is known by
Kosaki and Sano [KoSa] in a different way (using higher relative commutants).

Some of the results in this article were announced in [Ham3].

2. Preliminaries

Let R be a measured discrete equivalence relation (which we simply call a
relation) of a Lebesgue space (X, B, m). For each z € X we denote the R-orbit

{yl (v,z) e R}
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of z by R(x). It is known that there is a non-singular action of a countable group
I of X such that
R(z) = {vyz| v €T} a.e

([FeMo]). When the action by T is ergodic, we say R is ergodic. By 6., (y, x) we
denote the Radon-Nikodym derivative ‘Zﬂml(x), where y = vz (y € I'). Of course,
both the ergodicity and the above description of the Jacobian do not depend on
a choice of T'. 8, (y, ) is a cocycle of R. If T can be chosen as the group Z, then
R is said to be amenable.

Definition 2.1: By a partial transformation ¢ we mean a collection of measurable
subsets A and B and a bijection ¢: A — B such that

d(x) € R(x), a.e. T € A.

We write Dom (¢) = A, Im (¢) = B and denote the set of all partial transfor-
mations ¢ by [R].. In particular, the set of all transforamtions ¢ € [R]. such
that

Dom(¢) = Im(¢) = X (up to a null set)

is denoted by [R] and is called the full group of R. A non-singular transformation
¢ satisfying
d(R(z)) = R{gx) ae T

is called a normalizer of R and the set of all normalizers of R is denoted by N[R].

Definition 2.2: Given a measured discrete equivalence relation § with S C R, we
simply call it a subrelation.

Definition 2.3: Let R (resp. R') and S (resp. 8’) be a relation and a subrelation
on X (X'). If there exists a measure space isomorphism ¢: X — X’ such that

¢(R(z)) =R'(¢z),  &(S(x)) = &' (¢2)

we say that the pairs S C R and &’ C R’ are orbit equivalent.

For an ergodic relation R and a subrelation S, the measurable function x €
X — $({SW)i(y,z) € R}) is defined and constant < oo a.e. z. By [R: S], we
denote this constant and call it the index of § C R. Of course, the Jones index
([Jon]) of the Krieger factor and the subfactor constructed from each relation is
equal to [R: S].



Vol. 100, 1997 SUBORBITS AND GROUP EXTENSIONS OF FLOWS 253

THEOREM 2.1 (Sutherland [Sutl]): Suppose R and S are ergodic and [R: §] <
00. Then there exist an ergodic subrelation P of 8, a finite group G and a sub-
group H, and an action g € G — a4 € N[P] satisfying the following conditions
(1) and (2):
(1) ag is outer, that is, if oy € [P] then g =e.
(2) R =P x4 G, S =P x, H where P X, G means an equivalence relation
defined by P xq G(z) = e Plage)-

Actually this theorem is more strengthened in the following:

THEOREM 2.2 ([Ham2)):

1. Under the same assumption as in the previous theorem, we have a
collection {P, H C G, ag} satisfying the following condition (3) in addition
to (1), (2) in the previous theoreni:

(3) H does not contain any non-trivial normal subgroup of G.

2. A collection{P,H C G, ag} satisfying (1), (2) and (3) is unique in the sense
that if § C R and 8’ C R’ are orbit equivalent, then there exists a measure
space isomorphism ¢: X — X' and a group isomorphism v: G — G’ with
v(H) = H' satisfying

g[Plo~! = [P],
®- Qg - ¢_1 = a;(g) (g € G).

Definition 2.4 ([Ham2]): We call the collection {P,H C G,ag} the canonical
system for the inclusion S C R.

We recall a couple of notions related to extensions of non-singular transforma-
tions. Let S and T be non-singular transformations of Lebesgue spaces (Y, F, u)
and (X, B, m), respectively. We suppose T is a finite extension of S. That is,
there is a measurable, non-singular and finite to 1 surjection 7: X — Y satisfying
7-T=25 % (S and = are called a factor of T and a factor map, respectively).
Sometimes we call the collection (T, S,7) a (finite to 1) extension. Since the
measurable function y € Y — [r~!(y)| is S-invariant, 7 is almost everywhere
constant to 1 if S is ergodic. In this case, T and X may be assumed to be of the
form:

X =Y x{1,...,k},T(y,i) = (Sy,a(y,9),7(y,)) =y, (g9 eX

where a(y,1) € {1,...,k}.
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Definition 2.5: Extensions (T, S,n) and (T",5',7') are said to be conjugate if
there is a pair of measure space isomorphisms (¢, ¥):

6 X-X, Y=Y
such that each of them is a conjugacy map:
¢-T=T -9, ¥-5=5"1,
and such that
od=1-m.
We call the pair (4,%) a conjugacy map of extensions.

Definition 2.6: When T is of the form:

Tc(y,9) = (Sy,9-(y)), (v,9) €Y xG

where G is a finite group and a(y) € G, T or (Tg, S, 7€) is called a (finite) group
extension (or a G-extension) of S. Here 7%(y,g) = y is a factor map. If H is a
subgroup of G, then we call a transformation

Tu(y,l9ln) = (Sy,[gaW)]u), (v.[9]lw) €Y x G/H

the isometric extension of S determined by H, where [g]n means a right coset
Hg and G/H the right coset space. In this case the map 7 (y,[gly) =y is a
factor map. Of course, the map 7% (y, g) = (¥, [g]n) is a factor map, too.

An action of G defined by

Lo(y, f)=(v,9f), 9€G
is called the left translation.

Definition 2.7: If an ergodic extension (7, S,7) admits an ergodic finite group
extension Tg of S, the isometric extension (T, S, 77) of S by a subgroup H C G
and a conjugacy map ¢: Y x G/H — X, T-¢ = ¢ - Ty, satisfying 7- ¢ = 7
then we call the collection (Tg, S, 7%, H) a group cover of (T, S, ).

Definition 2.8: A group cover (Tg, S,nC, H) of (T, S, ) is said to be minimal if
for any group cover (Tg/, S, ¢ H' ) of (T, S, #) there exists a non-singular map
®: Y xG' — Y x @G, which is not necessarily invertible, such that ® - Tr = T+ @,
788 = (¢71-¢')- 75, where ¢ (resp. ¢') is a conjugacy, T-¢ = ¢-Tg, m-¢ = 7H
(resp. T-¢' =¢ - Tyr, w-¢' = rH'),
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PROPOSITION 2.1: Let (Tg, S, 7€) and (Tg:, S',7%') be finite group extensions.
Suppose there are a group isomorphism p': G — G’ with p'(H) = H' and a con-
jugacy ¥: Y — Y' of S and S’. Then there exists a measure space isomorphism
¢:Y x G — Y' x G' such that (¢,) is a conjugacy of these group extensions
and such that

¢ Lyg=Lyg-¢ (9€G)

if and only if cocycles p'(a) and o' (y) are cohomologous, that is, there exists a

measurable function v': Y — G’ such that

pa(y) =v'(y) - o/ (¥y) - v (Sy)™}, ae y.

Proof: (<« } It suffices to set

o(y.9) = (Vy, ' (9) - V'(¥))-

(=) It suffices to define a measurable function v": ¥ — G’ by
oy.e) = Wy, v'(y). B

The following Theorem 2.3 and Theorem 2.4 show us that every ergodic finite
extension can be realized by an isometric extension by a subgroup and that the

cocycle of the group extension is uniquely determined up to cohomology.

THEOREM 2.3 ([Hamd]): Let (T,S,7) be an ergodic finite to one extension.
Then, there exists a group cover (Tg,S,x% H) of (T,S,n) satisfying the
condition that H does not contain any non-trivial normal subgroup of G.

More important is that the cocycle o and the groups H and G are uniquely

determined by the condition in Theorem 2.4:

THEOREM 2.4 ([Ham4]): A group cover (Tg,S,n¢, H) of an ergodic finite
extension (T, S,m) is minimal if and only if H does not contain any non-trivial
normal subgroup of G. In this case the groups G, H and the cocycle a of T are
uniquely determined, that is, if we let o' be a cocycle of another minimal cover
(T, S, WG’,HI) of (T, s, ) then there exists a group isomorphism n: G' — G
with n(H') = H and a measurable function v: Y — G such that

(e’ (y)) = v(@)ay)v(Sy) ™ ae y.
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Remark 2.1: If (T, S, 7) is a normal extension then the subgroup H of the minimal
group cover (T, S, 7%, H) of (T, S, m) is trivial ((Ham4]). In this case the theorem
is known in Theorem 6.2 of [Zim).

Remark 2.2: As remarked in [Hamd4], Theorems 2.3 and 2.4 are also true for

flows.

3. Flows associated with a canonical system

Let us briefly recall the construction of the associated flow F* = {F*},cr of a
relation R of a Lebesgue space (X, B, m).

Definition 3.1: On the product space X x R a relation R is defined by
(g,v), (z,w)) €R  if (y,z)€R and v=u—logén(y,z).

By (z(x,u) we denote the R-ergodic component containing a point (z,u) €
X x R. By Z® we denote the quotient space of X x R by the partition of all
R-ergodic components. We identify by each (z(z,u) a point in Z® and consider
the map (5: (z,u) € X X R = (3(z,u) € Z® the natural surjection.

Definition 3.2: The factor flow
(ala,u) € 2R = (h(zutt) € 2R (teR)

is called the associated flow of R and denoted by F® = {F/*}:cR.

Let R and S be a pair of an ergodic relation and a subrelation of finite index
and let {P, H C G, ag} be the canonical system of the incusion S C R.

Definition 3.3: The group G acts on X x R by the skew product
ag: (z,u) € X xR - (agz,u—logbn(agz,z)) e X xR (9€G).

Since ay € N[P), a factor transformation (5(x,u) — (5(dg(z, u)) is defined and
it commutes with the flow F”. By

mod; oy
we denote the factor transformation acting on Z%. We define

Go={g €G] modsa, =I1d}
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which is a normal subgroup of G. We also denote the quotient group G/Gq by
K and the subgroup {[hlg,| h € H} by L, where [g]g, is the coset Go-g. We
set, for each q € K,
A, =modp oy

where g € G with [g]g, = ¢. Obviously, Ak is a free action of the group K which
commutes with the flow F.

We have three flows FP, FS and FR associated with the canonical system
{P,H C G.ag}. If we observe the inclusions

C’ﬁ(xa U) C Cg(x’u) C Cﬁ,(xau),

then maps 7g: 27 — 2%, 75: 2P — 25 and n§: Z5 — ZR are naturally
defined by

TR+ (5@ 0) = (gl ),

7r§ (p(x,u) = (5(z,u),

% : (5(z,u) = (2, ).
As a matter of fact, this observation will work well for getting a complete invariant

for orbit equivalence of inclusions.

THEOREM 3.1: The flow FP is a K-extension of the flow F%, and
(FP,FR, zk, L) is a group cover of the extension (FS, F® 13).

Proof: Since Ag freely acts on the flow space 27, we get a cross section E ¢ Z7
of positive measure for this action. Let (z(x,u) € ZP: then ¢ € K is uniquely
determined by
A;lcﬁ(w,u) eF.

In other words, the singleton {A;'(s(x,u)} is the intersection of the Ax-orbit
of the point (s(z,u) and the set E. Therefore we can define measure space
isomorphisms ¥p: ZF — E x K, ¢s: 25 — E x K/L and y: Z* — E by
setting

Yp : Cplr,u) — (A;l(ﬁ,(x,u),q) € ExK,

¥s : (s(z,u) — (A7 '(p(z,u), [ql) € ExX K/L,

YR Cplz,u) — Aq'lgs(x, u)e E.
A remarkable and simple fact is that the action ¢ € K — ¢p - 4, —1/;,‘31 is the left
translation Ly, ¢ € K, of E x K. Let us check it.

¥p - Ag -5 (A7 p (@, u),q) = ¥p - Ag(p(a, ).
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Since A;,;(Aq:(f,(ac,u)) = A;l(C.f,(w,u)) € E,
Yp - A‘I'C‘ﬁ(z7 U’) = (Ac;l(Cﬁ(x» u))vqlq) = Lq’ (Aq_IC”ﬁ(xvu)a Q)

Next, we are going to show that F7 is a K-extension of F*. By 7% we denote
the projection map (z,q) € E x K — z. We see that F'® is the factor flow of F'¥
acting on the quotient space of Z” taken by the decomposition by A-orbits.
This means

K. yp-FP =yp FF -1}

Therefore ¥ - yp - FP - ¢35l (z,e) = 75 - yp - FP(p(z,u) = YrFF(z(z,0) =
’([)RER¢7EIZ, where ¥p(s(z,u) = (z,¢). Hence, we may write

YpF 5 (2,€) = (WRFFYR 2, k(t, 2)),
where k(t,2) € K. For any ¢ € K,

bpFP Y5 (2,9) = Layp FP 95 (2,€)
= YpAF Y5 (z,€)
= ¢pFl Agwpt(z,e)
= YpF Y5  Lo(z,€)
= Ly($rFRyz 2, k(t, 2))
= (PrF Pz 2,0 k(t, 2)).

Thus the flow F is a K-extension of the flow F;*. Finally let us check that the
flow FS is an isometric extension determined by the subgroup L. To see this, we
note that

Ys'omf =7k -Pph.
In fact,
78 - vp (A Cp (2, u), q) = 7ECp(x,u) = Cs(z,w)
and

v5t L (A7 Cp (2, w), 0) = 57 (A7 a2, w), laln) = sl w).
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Therefore,

UsF Y5 (2 [alL) = ws FYvs'nL (2, 9)
= YsFn5vp (2,9)
= YstE F Y5 (2,9)
= 1f YpFT ¥5 (2,9)
= (VRF Yz (g k(t,2)]L). W
PROPOSITION 3.1: Suppose S C R and &' C R’ are orbit equivalent. Then the

corresponding subgroups H C G and H' C G’ are conjugate and the extensions

FP FR zP) and (FP',FR' r%,) are conjugate.
R R

Proof: It follows from Theorem (2.2) that there exist a measure space isomor-
phism ¢: X — X' and a group isomorphism p: G — G’ with p(H) = H’ such
that

1. ¢[Ple~" =[P'],
2. ¢ ag-¢7 =0y (g€ G).

Define a measure space isomorphism gZ: X xR — X’ x R by setting

bo0) = (62,010 20 )).

The map ¢ induces a measure space isomorphism 2P — Z*' by restricting ¢ to
the quotient space Z” in such a way that

Cplz,u) — Cﬁ,(qg(z, u)).

By ¥ we denote this restriction. We also restrict ¢ to the quotient space Z® in
such a way that

U ¢(de(@,0) = | 6506 - diy(e,)-

9€G geG

By 9 we denote this restriction Z®R — ZR'. Then it is not difficult to see that
1/1-71'7?;:#%-\1/,\II'FZD:Ff’.\I;andq/,.Fg?:FzZ’,w‘ :



260 T. HAMACHI Isr. J. Math.

4. Common discrete decomposition

From the assumption that R is of type IIlg, it is well known that R admits
an equivalent o-finite lacunary measure y so that almost every ergodic measure
appearing on each ergodic component of the ergodic decomposition of the measure
dp x e*du is non-atomic (and o-finite, infinite). As ag is a finite group action,
we may assume that p is an ag-invariant measure. Othewise, we replace p by
the average of the measures - ag, ¢ € G. The measure obtained in this way is
also a lacunary measure for P.

In the case of a single relation, so-called discrete decomposition of the rela-
tion ([HaOs]) is known. As for a pair of a relation and a subrelation, we will
have a corresponding common discrete decomposition. We also represent flows
FP, FS and F® and in terms of flows built under functions with a common

ceiling function. This will help us show our main theorem. Set
P, =Ker(6,) = {(z,x) € Pl6u(2,z) =1},

then P, is a subrelation. Likewise, R, and S, are defined. The discrete decom-
position of P tells us that P admits an R € N[P,] N [P] and ¢ > 0 satisfying

log 6, (Rz, z) = minf{log 6, (y, z)|y € X, (y,z) € P,b,(y, ) > 1} > ¢,

and
'PIP‘L XRZ.

We set
ff(x) = log 6, (Rzx, z).

We note that f7(z) is a P,-invariant function.
LEMMA 4.1: The measurable function ff (z) is ag-invariant.

Proof: Let (y,z) € R. Then, y is of the form y = a4z for some g € G and 2
with (z,z) € P. Since

bu(y, ) = 6,(y, 2)bu(2,2) = b,(2, )

we see that for a.e. z,

f7 (¢) = min{log 6,(y, z)|(y, ) € R, 8u(y, ©) > 1}.
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Hence, for any g € G,
ff(ag:v) =log 6, (Ragyz, agz)
=logé,(Ragyz, )
> min{log é,(y, z)|(y, x) € R, u(y, ) > 1}
=17 (z).
As G is a group, the inequality is actually the equality. |

LEMMA 4.2: ag C N{P,].
Proof: This follows from ag C N[P] and that p is ag-invariant. |

Definition 4.1: For each x € X, we denote by (p, (x) the P, -ergodic component

Pu

containing x. W"» is the quotient space of X by the partition consisting of all

Py-ergodic components. As usual each (p, () is identified with a point in WP,
Likewise, WS+ and W™+ are defined.

By Lemma 4.1 and Lemma 4.2, we see that f7 is a function of W, that is,
there exists a measurable function f of W™+ such that

7 (@) = f(Cr, (x)).

LEMMA 4.3:
ag-R-a;' € R-[P)] (9€@).

Proof:  Since agRz € P(agx) and Ragz € P(agyr), (Ragz,agRz) € P. We
have

0, (Ragx, agRr) = 0,(Ragr, agz)d,(agz, )b, (x, Rx)é,(Rx, agRx)
=6,(Rx,z)-1 6,(z,Rx)-1=1.
That is, (Ragz, agRz) € P,,. |
We are ready to present a common discrete decomposition for both R and S.
PROPOSITION 4.1:
Re NP, NISINN[R,],
Ri=P.xaG, R=(P.xaG)xplZ

and
S, =PuxaH, S§=(P,xoH)xgpZ.
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Proof: It immediately follows from R™[P,]R = [P,] and R™'a4R € [P,lay
that R € N[P, xo G|\ NP, xo H. W

Definition 4.2: Let wg:: (p,(x) € WP+ — (s,(z) € W5 be the the natural
surjection. Likewise 71"751'; is defined. The transformation R induces factor tran-
formations UP», USs and URx of WP« WS and W« respectively as follows:

UPx((p, (z)) = {p, (Rz),

U+ (s, (2)) = (s, (Ra),

U™ ((r, () = (r, (Rx).
Definition 4.3: Due to Lemma 4.3, the action a¢ induces a group action on WP
as its factor:

modp, ag: (p,(T) € WP — (p,(agr) € WPe, geaq.
It is easy to see that
Go = {g € G| modp, ay = Id};
we obtain a free action Sk of the group A of W= defined by
B[Q]Go = mOd‘p“ Qag, [g]G0 e K.

By Lemma 4.3, each §,, r € K, commutes with UP+.
We need a terminology on flow built under a function.

Definition 4.4: Given a measure space W and a non-singular transformation U

and a measurable function f defined on W and of positive values we set
W, f)={(w,w)]weW, 0<u< f(w)},

and denote by {(W,U, f):}:er the flow built under functions with a ceiling func-
tion f and a base transformation U. We denote by f(n,w) the cocyle determined
by f and U, that is, f(1,w) = f(w), f(2,w) = f(w)+ f(Uw) and so on.

The following proposition describes Theorem 3.1 in terms of flow built under
the function.

PROPOSITION 4.2: Let u be an equivalent o-finite lacunary measure of R which

is ag invariant.
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1. There exist an ergodic non-singular transformation U of a measure space
E and a group extension Uk: (w,q) € Ex K — (Uw,q-k(w)) € EX K
and a conjugacy map (Yp,yr) of the extensions (UP»,U R“,w;‘;) and
(Uk, U, /) such that

Pp - /Bq = Lq ~Pp (q € I\—)-

2. The flow spaces 27 and Z® are naturally identified with the spaces
(WPs, f- wz’; ) and (W™= f) respectively, on which each flow built under
a function acts. Through this identification,
(p x Id) - FF - (3p x 1d) ™ = (E x K, Ug, f{w) x 1d)s,
(Yr x1d) - FR - (¥r x 1)~ = (E, U, f(w))1,
(p x1d)-Ay- (¥pxId)™ ' =L, xId, geN
where A, is identified with 3, x Id.
Proof: (1) Consider a partition {{J,cq(p,(ag2)] © € X} of X. Since G
is finite, this is a measurable partition. Actually, each set U, (p, (agr) =
Uger B4(p, (x) coincides with the P, X, G-ergodic component {z, (x). Since B
is a finite group action, one can get a cross section E C WP» of positive measure,
i.e. each Bp-orbit only once intersects with E. [3j is free. So, there exists for

each (p, () a unique ¢ € K such that 3,-1(p, (z) € E. Hence, WPe is identified
with E x I by the measure isomorphism:

¥p: (p, () € WP — (B4-1(p,(x).q) € E x k.
Then, for each ¢’ € K
By (Bg-1Cp,(x), ) = By (p, ()
= ¢p'¥pCp,(agr) (where [¢']g, = q')
=95 (B-1(p, (2),4'q)
= w']_JILq’ (ﬂq—ICP,L (5’5)’ Q)v

that is, Sk is conjugate with the left translation L.
Define a non-singular transformation U acting on £ and a measurable function
w € E — k(w) € K Dby setting

(Uw,k(w)) =¢P'Up" '¢51(W»€), w e E7
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where e is the unit of K. Let Ug be a group extension
UK(waQ) = (Uqu : k(W)), ((UJ, q) € Ex K)
Then for each ¢ € K,

Pp - UP* 935t (w,q) = vp - UP* - By - 3t (w, €)
=p - By UP Y5t (w,e)
=¥p - By ¥p (Uw, kw))
= (Uw,q-k(w)) = Uk(w,q)-

Therefore, 1p is a conjugacy map of U Pu and Ug. By ¥p, we denote a measure
space isomorphism:
YR (R, (y) EWRr mwe E

where w € E and ¢ € K such that (z, (y) = U,ex Bw- Then we easily see that
these satisfy

P, K
YR TR, =T - Up.

Let us check that ¥x is a conjugacy map. Let (r,(y) € WRe, w € E and
CR,L (y) = UqEKﬂq“-" Then,

(R, (Ry) = U (R, (v) = UR(| ) Bw)
=UP (| fw) e
qg!{ q — U U'Ppﬂqw

=) vpt vpUPegpt  pp(Bw) 0K

qLeJK i i T2 U 5 k(w9
= |J v3' (Uw,q- k) o

g€K 7 = U ﬂq.k(w)Uw
= U quUw. 9eK

qgeEK

Thus,
YU ((R, (1)) = ¥r((r,(RY)) = Uw = Ur((r,(¥)-

(2) immediately follows from (1). |
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5. Lacunary measure

Let R and S be an ergodic relation and a subrelation of a measure space (X, B, m)
with index [R: 8] < 0. Let {P,H C G,ag} be the canonical system for the
inclusion § C R. We may assume m is ag-invariant and otherwise replace m by
the average of the measures m-ay, g € G. Let Go, K, L be defined as in section 3.
Suppose that there exist a K-extension Uk (z,q) = (Uz,¢q-k(2)), ((z,q) € ExK)
, a measurable function f(z) on E with inf f(z) > 0 and that the extension
(FP,F R,7r77;) is conjugate with an extension between the corresponding flows
built under a function. Then a natural question, how we recover an equivalent
o-finite lacunary and ag-invariant measure p so that Ug, Ur, U and f coincide
with ones in Proposition 4.2, arises. In case of a single relation R, this is known
(e.g. [HaOs]). For simplicity in this section let us denote the flows built under
functions (E x K, Uk, f(z) x Id) and (E, U, f(2)) by {BX} and {B;}.

THEOREM 5.1: As above we suppose that the extension (F¥,F®, «%) is con-
jugate with the extension (B¥,B,7K x I1d). Then there exist an equivalent

o-finite lacunary and ag-invariant measure y and measure space isomorphisms
Yr: WRs — E, ¢p: WP+ — E x K satisfying the following properties:

1. (¥p,%R) is a conjugacy of extensions (UPx, URn, 71'71;':‘) and (Ug,U, 7k).
2. ¥p - By = Lq - ¢p.

3. If R € N[P,]N[P] is the corresponding normalizer admitted in the discrete

decomposition of P with respect to u, then
duR
log =1~ (2) = S (¥ (G, (2)).

After a couple of lemmas, the proof will be completed. First of all, due to
Proposition 2.1 and Theorem 2.4, a conjugacy of group extensions implies that
‘there exists a conjugacy map (7p, Tz) of both the extensions, where mp: WP+ —
E x K and 7: WR« — E, satisfying

Tp-Aq-mp =LyxId (g€ K).

We define measurable functions z € X — ((z) € E, z € X — ¢q(z) € K and
z € X — n(x): 0 < n(z) < f(¢{z)) by setting

7!'1)(75(13, 0) = (C(.’L’), q(:v), "7(1'))
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LEMMA 5.1: ((agz) = {(z), n(agr) = n(z), ¢(agz) = [gla, - ¢(x).

Proof:
(((ag2), ¢lagz), n{agz)) = 7p(s(ayz,0)

= 7P+ Ao, $p(2,0)
= (L[Q]Go X Id) . Wp(ﬁ(d?, 0)
= (C(IE), [g]Go ’ Q($), TI(x)) 1

LEMMA 5.2: There exists a uniquely determined cocycle n: (z,y) €
P — n(z,y) € Z such that

n(x) = n(y) +logbm(z,y) — f(n(z,y),{(y))-

Hence
UrEa((y) = ((z), ae (z,y)€P.
Proof: We note that for (z,y) € P, Biogs,.(z,y) - ™P(¥,0) = mp(,0). So,
(C(x)a q(x)a 77(35)) :Blog 6m (z,Y) (C(y)y (I(y), n(y))
=(U"™(y),q(y) - k(n,{(y)), n(y) + log bm (z, y) — f(n, ¢(¥))

where k(n,z) € K is the cocycle defined by k(z) and U, that is, k(1,2) =
k(z), k(2,2) = k(z) - k(Uz) etc. and n = n(z,y) is such that

f(n,¢(y)) < n(y) +logbm(z,y) < f(n+1,{(y))-

In this case,
n(z) = n(y) +logém(z,y) — f(n,¢(y)). B

Now we are going to define equivalence relations on X x Z. An equivalence
relation P is defined by

((z‘,l),(y,l—n(z,y)) Ef if (xvy) €P.
Let R and @4, g € G be the transformations of X x Z defined by
R(z,l) = (z,1+ 1), (z,])eX xZ

and

ag(z,l) = (agz,1).
We see that R € N[P]. Therefore, the relation P x5 Z is defined and denoted
by G(P). Clearly, @g C N[G(P)]. So, relations G(S) = G(P) xz H and G(R) =
G(P) x5 G are defined.
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LEMMA 5.3: For a.e. z, there exists y such that (y,z) € P and n(y,z) = 1.
Proof: Set

Ey={(z,u) € X xR| —n(z) <u<-n(z)+ f({(z))}
and
Ei ={(z,u) € X xR| —n(z)+ f({(z)) <u<-—n(z)+ f(2,{(z))}

Then the smallest P-invariant set containing Ejy is the whole space X x R. In
particular, for almost every point in E\, its P-orbit intersects with Eo. Therefore,
for a.e. x € X, there exists a ¢t € R and a y € X such that (z,y) € P, (z,t) €
E1, (y,t—10g6m(y, z)) € Eo. Hence, ((z, f({(2)) —n(z) +n(y)), (y,0)) € P and
n(y) < logbm(y,z) <n(y) + f(n(z)). Hence n(y,z)=1. 8

Proof of Theorem 5.1: On the measure space X xZ we define an inclusion G(S) C
G(R), whose canonical system is {G(P), H C G,ag}. We will show that the pair
of a relation and a subrelation admits a lacunary measure i corresponding to the
measure in Proposition 4.2 and that the inclusion G(S) C G(R) is orbit equivalent
with S C R.

Consider a o-finite measure 7 on X x Z defined by
di(x, i) = dm(z)e 1@+ EXE),
The measure f is P xg G-invariant and G (P)-lacunary. In fact, for (z,y) € P

da(y,i—n(y,z)) = dm(y)e—n(y)+f(i+n(y»w),C(y))
— dm(y)e¢(y,m)-n(y)+f(i+n(y,w),<(y))
= dm(y)e 1@~ {n(z9) N+ (t4n(z.).(v)
= dm(y)e 1@+ (@)
= dpi(z, 1),

da(Tg(z, 1) = dm(agz)e™ ")+ (0 xs2)

= dm/(z)e” 1@+ (=)
= dp(z, 1),

and
diR — JWH(2))
i (z,l)=¢e ,
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where the right hand admits a positive lower bound > 1. We note G(P)z = P.
Therefore, G(P) =P x5 Z = G(P)z x5 Z.

Next, we consider a measurable partition of X x Z consisting of all G(P)z
ergodic components. As usual, we denote for each (z,i) € X x Z, the G(P)z
ergodic component containing (z,) by (g(p)(z,%). On WPk W9k and
W9(R)z respectively we define non-singular transformations Up, Us and Ug by

setting
Up(Co@y(@:1) = (o (,i + 1),
Us(Cosyz(:9)) = Co(syp (i + 1),

and

U’R(CQ(R)F('T’ i) = (gr)z(z, 1+ 1).
The action @g induces a free action Gy on W9(P)z by

—’B—[Q]GO CQ(P)F(.T, i) = CQ(P)F(CYQIII, i).

Consider maps 0p: WP)x - E x K and 0g: W9z — E defined respectively
by

0p(Co(Pyz(2:0)) = (C(2), q(2)), z€X

and

0= (Co(r):(2,0)) =((z), z€X.

We know that for a.e. (z,7) € X x Z there exists a point y € X such that
((z,9), (y,0)) € P. Therefore maps #p and fr are well defined measure space
isomorphisms and satisfy

02U p((g(p);(2,0)) = 0p($g(p) (%, 1))
= 0p(Cg(py: (¥, 0))
= (), 9a(v))
= Uk(¢(2), q(=))
= Ukbp(g(P)z(z,0),
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where (y,x) € P and n(y,z) = —1. Moreover,

O’F’B[g]co (Co(P1z(®,0)) = Op(g(p) (g, 0)
= (C(agz), g(agz))

= (¢(=),1(I9)ao)a())
= Ligl, ({(2), 9(2))

= Ligie,0PCc(p)z (2, 0)-

Therefore,

0=UR ((o(r)5(,0)) = 0pUp{B,((o(p)(,0))] ¢ € K}
= Ug{0pB,((op)(x,0))| g € K}

= Ur{Ly(9)fr((g(p);(2,0))| ¢ € K}

= Uk{Ly)(¢(2),4(2))| ¢ € K}
= Uk ({¢(z)} x K)

= U(¢(z)

= Ubr((g(r), (@, 0))-

269

Next consider the restriction of the inclusion G(S8) C G(R) to the set X x {0}.
Since G(S) is of type III, there exists a u € [G(S)]+ such that Domu = X x Z,
Imu = X x{0}. If we identify X x {0} with X, then the restriction G(R)|xx {0} D
G(S)Ix x{oy 1s nothing but R > S. Therefore, G(R) O G(S) is orbit equivalent
with R D &§. These pairs of a relation and a subrelation admit the canonical
systems (P,H C G,ag) and (G(P),H C G,ag). Thanks to the uniqueness
of a canonical system (Theorem 2.2), we have a measure space isomorphism

v: X — X x Z and a group isomorphism p of G preserving the subgroup H such

that
v-[P]-v™ = [G(P)],

Vg v =0y, VgEG.

Finally, we define a measure p and a normalizer R by setting

u(-) = m(v(-)),
R=v"1.R-v.

Then v~! - [P)- v = [G(P)z] - v = [P,], and hence

P=v1PxgZ-v=v"P-uvxpZ="P,xgZ



270 T. HAMACHI Isr. J. Math.

The isomorphism v: X — X xZ induces a measure space isomophism Vp: WP+ —
W9 Pz by restricting v on WP« that is,

Ve ((p, () = (g(p), (v(x)).

Likewise, a measure space isomorphism Vg: WRs — W9 Rz

Vr(¢r, (7)) = {g(r), (v())
is defined. Then,

Up, - Vp((p,(2)) = Up,(¢p, (v(2)) = ¢p, (R - v(z))
= (p, (v R(z)) = Vp - UP*((p, (2)).

Similarly, we have
UR# . VR = VR . UR“.
Obviously, by definition of the maps Vp and Vg

9Pz

P,
To(R)y VP = VR TR,

Finally, let us define measure space isomorphisms:

¥p =0p - Vp,
Yr =6 - Vr.
Then we see that
d)’P'ﬁq:Lq'w’P-

Let £ € X and set v(z) = (y,!). By Lemma 5.3, z € X is obtained so that
(y,2) €P, andn(y,z2)=L

We note
IrVR((R, (7)) = Or((g(r)y:(v(2)))

= 0r(Cory:(9:1))
= 0r((g(r)z(2,0))
= ((2).
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Therefore,
log Eldﬁ;(r) =log d—%(y,l)
@
dp
= f(¢(2))
= f(OrVr((r,(2)))
= f(¥r(¢r, (2)))-

Thus the measure g and these conjugacy maps fp and 0r satisfy the properties

= log ——(z,0))

in the theorem. [ ]

6. Complete invariant

In this section we will show a complete invariant for orbit equivalence of inclusions
S C R of amenable type Il ergodic measured discrete equivalence relations with
finite index.
We set
D={((G,H,Go), ({Fi},{S:},m))}

where:

1. G is a finite group, Go a normal subgroup of G and H a subgroup of G

which does not contain any non-trivial normal subgroup of G,

2. {S:} is an ergodic, aperiodic non-singular flow, {F;} is an ergodic G/Go-
extension of {S;} and « is the factor map, 7- F; = S, -7 (t € R).

Let us define a map T:

{{R,8) | R an amenable ergodic relation of type III; and
S an ergodic subrelation with {R: S} < oo}
— D
by setting

T(R,S) = ((G’ H,Go), ({Ff},{FtR},ﬂ;’;)),

where {P,H C G,ag} is the canonical system for § C R and Gy =
{9 € G| modsa,=1d}.
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Definition 6.1: We say that
(G, H,Gq), ({Ft},{St}, 7)) and ((G', H',Gp), ({F/},{Si},7')) in D

are conjugate if there is a group isomorphism p: G’ — G’ with p(H) = H’,
p(Go) = G} and if the group extensions ({F;}, {S:}, 7)) and ({F{}, {S}}, ') are
conjugate.

THEOREM 6.1: The map Y is bijective up to orbit equivalence and conjugacy.

Proof: We already saw in Proposition 3.1 that if S ¢ R and &' C R’ are
orbit equivalent then T(R,S) and T(R',&’) are conjugate. In order to see the
surjectivity of Y let us construct a model having the given data ((G, H, Gy),
({F:},{S:}, 7)) € D. Let K = G/Ggy and

Fi(z, k) = (Sez, k- 0(t,2)), (2, k) e Y x K
where 0(t, 2) € K, and
m(z, k) = z.

Let Y =[]>2 _.. G and o be the Bernoulli shift on ¥ with the infinite product
measure of the uniform measure on each coordinate space G. Let ¢ be a type
I11; non-singular transformation of a Lebesgue space (2, P). Let I' C R be an
arbitrary countable dense subgroup. Construct a product measure space

X=OxZxKxRxY xG.

Let us define the transformations ?7 (yeTl), ¢,7and o; (I € G) acting on X
as follows. For (w,z2,k,u,y,9) € X, set
S, (w, 2, k,u,y, g) =(w, Sy2z, k- 8(y, 2), u+ v — logd (8,2, 2),9, 9),
b(w, 2, k,u,y, 9) =(¢w, 2, k, u — logdp($w, w), ¥, 9),
E(wv z, ka u,y, g) =(w’ Z, k) u,o0y,Yo- g)’
al(wy Zy k) u,Y, g) :(w’ 2, [l]Go . kv u,y,9- l~1)'
Here yo denotes the 0-th coordinate of y. Let R (resp. §) be the relation generated
by the transformations gﬂ,, yeT, ¢, and ay, | € G (resp. §7, v €T, ¢,7 and
- ay, | € H). The action ag commutes with both St and . So if we let P be

the relation generated by S, ,y €T, 4, and 7, then {P,H C G, g} gives us the
canonical system for the inclusion § C R. Moreover, it is not hard to see that
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1. {g € Gjmodpay =id.} = Gy,
2. 2P =Z x K, ZR =2, nB(z,k)=n(2,k) =z,
3. FP=F, FR=S,

Next, we will show the injectivity of T (up to orbit equivalence and conjugacy)
via Proposition 6.1. The key of the proof is to replace a given conjugacy map
of factor maps 75 and 7%, by a conjugacy map which commutes with the left
translations and to apply the copying lemma developed by Y. Katznelson and B.
Weiss [KaWe]. -

Assume

T(Rv S) = ((G’ H,Gy), ({Ftp}’ {FtR}’ 7r7€.))
and
T(R',S") = (G H',Go), (FF }AFF}.nR))

are conjugate. We may and do assume G = G', H = H', Gy = G. We set
K = G/Gy and L = {[h]g,] h € H}. Choose and fix an equivalent o-finite
infinite lacunary measure g which is ag-invariant. We let R € N[P,] N [P] be
the normalizer of the discrete decomposition of P with respect to x and let f(-)
be the measurable function of W*» such that

log d—;‘ﬂf(m = f(Cr, ().

Corresponding to the measure u, Proposition 4.2 says that there are measure
space isomorphisms ¥p: WP+ — E x K, 9g: WR« — E and an ergodic
non-singular transformation U of the measure space E and a group extension
Uk: (w,q) € Ex K — (Uw,q-k(w)) € E x K satisfying the following properties:

1. (¢p,¥r) is the conjugacy map of the extensions (UP=,U R“,?l’;:'; ) and
(UKa U) 7'l"K)'
2. Yp-By =Ly -¥p (q€K).
The flow spaces 2P and 2% are naturally identified with the spaces (WP« f -
wz‘; ) and (W™=, f) respectively, on which each flow built under a function acts.
Through this identification,
(¥p x1d) - FP - (¥p x Id)™! =(E x K, Uk, f(w) x 1d),,
(Yr x Id) - FF - (Y x 1d) ™' =(B, U, f(w))s,
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2. (Yp xId)- Ag- (¥p x1d)" ' =Ly xId, ¢€K,

where A, is identified with 8, x Id.

Our assumption means that there exist a measure space E’, a non-singular
transforamtion U’, a K-extension Uy and measure space isomorphisms ¢: £ —
E' and ®: E x K — E’ x K such that

o Ux=Uy-® ¢U=U¢

and such that the extensions (FP', F®', 7r77;:) and (Ug,U’, f' xId) are conjugate,
where f'(-) = f(¢71(-)). Then due to Theorem 2.4, we can choose the above
map & so that

& .Uy =Ug -9,

- L,=L,-® (g € K).
This observation will be very important in the proof of injectivity. (See also the
remark after the proof of Theorem 6.1.)

If we apply Theorem 5.1, we obtain an equivalent o-finite lacunary measure
' of R’ which is az-invariant, a non-singular transformation R’ € N[P,,] N [P']
and measure space isomorphisms ¥p:: WP — E' x K and PR WRw - E'
satisfying the following properties:

1. (¥pr,¥r) is a conjugacy of the group extensions (UP'w' | UR'w, W,Z‘:",) and
Uk U',7%), “
2. R () = F@re (),
3. Ypr - By =Lq - Yp.
Thus, we have shown the following proposition:

ProposITION 6.1: If T(R,S) and Y(R',S’) are conjugate, then there exist
equivalent o-finite lacunary ag (resp. af)-invariant measures p and p', non-
singular transformations R € N[P,] and R' € N[P',/], measurable functions f
on Wf and f' on Wﬁ' of positive lower bound respectively, and a measure space
isomorphism 6: Wf — Wf satisfying the following properties:

1. -UP« =UP'w .8, 8 - modp, ag = modpr , ag -6 (9 €G),

2. 'P='Pﬂ XRZ, 'P'='P’FI Xn Z,
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3. log 2 (2) = f((r, (@), log LI (2') = f'(Cre,. (")), and f((r, (2)) =
f(0(Cr, (2))), where B, = modp, ay, and 8; = modp,, oy (7 = [ga,)-

The above proposition will show us how well an idea of the copying lemma
developed by Y.Katznelson and B.Weiss ([KaWe]) works in a proof of our main

theorem.
Definition 6.2:

1. A tower { = (P¢, T¢) on a measurable subset £ C X consists of a finite
partition Pe = {E;|i € A} of E, and a finite family of partial transforma-
tions Tp = {e; ; € [R]«| 1,j € A} satisfying

Dom(e; ;) = E;,  Im(e;;) = E;
€ij €k = €iks ei; = Id|E;.

We call each subset E; a cell of the tower. The tower £ is also considered
as the finite subrelation on E defined by {(e; ;z,z)| € Ej, 4,7 € A}.

2. Let &,7 = 1,2 be towers on a measurable subset E, and let P, =
{Eqla € Ai} and T, = {eap| o, 8 € A;}. We say that & refines &

if
A=A xT (T a finite set ),

Ey= U E(aq) (a €A;) and
~ver

a8 =€ap o0 Eg,)  (a,B€A,v€eT).
Choose and fix an a € A;, and define the tower n = (P,,7;) on E, by
setting

Py ={E@anl 7€T} Ty ={e@m @l 1,7 €T}
then we denote £ by £ x i and call it a product tower.

From now on we write
U=UP U =U", [g]= gl

By f(z,w), where w € WP+ and z = U™w for some n, we mean the cocycle
F(n,w).

As usual, we identify each ergodic component (p,(x) with a point in WP
and consider a map z € X — (p,(z) € WPe as the natural surjection. Let us
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take a probability measure ¥ on WP which is Bg-invariant and is equivalent
with the pushforward measure u((,;:(~)). Then there exist uniquely determined
conditional measures p(-|w) supported on the fibre {x € X|(p,(z) = w}, w €
WP« such that for any f € L}(X, ),

[ @) = [ via /< o, f@naslo)

We note that almost all measures u(:|w) are non-atomic and o-finite and infinite.
Likewise, by setting

V() =v(07'())

we have the conditional measures 4'(-J’), o' € WP, ie.
[r@ae= [, v [ £/ (o).
wP u C‘p'“, (z')=w'

We note that v’ is B invariant.

Continuation of the proof of Theorem 6.1: We are finally ready to complete the
proof of Theorem 6.1. Let us note that every amenable ergodic relation admits
a refining sequence of towers of the whole space satisfying that the countable
union of the corresponding increasing finite subrelations coincides with the whole
relation and that all cells of the towers generate the whole o-algebra.

Firstly we choose and fix measurable subsets Xo C X and X} C X' with

p(Xolw) = ¢/ (Xg|0(w)) < o0, ae weWke
We also take a P X, G-tower {e; ;| ,j € A} of the set X,. We put
E; = Dom(e; ;).
Corresponding to this tower, we choose a finite partition
{Eili€ A}

of X{ such that
W (B 0(w)) = u(Es| w) a.e. w.

We are going to show that for an arbitrary fixed index iy € A and for some

measure preserving isomorphism ¢: E;, — E{o, there exists a P x, G-tower
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{ei ;14,5 € A} of the set X and an extended invertible measure preserving map
¢: Xo — X such that
Dom(el;) =B}, Im(el,) = El,
p-ei;(x)=e; d(x) (z€E),
ag-R™™-e;;-1d|a € [Pu)s @ - R - €] ; - Id]y(a) € [P'w]-
‘where A C E;. We note that if ag - R™" - e, ; - Id{4 € [P,]. then g and n are

uniquely determined.

Each e;;, is of the form:
€ i =0g - R7" vz (x € E;),

where v € [P,]. with Dom(y) = E;;, and g = g(z,j) € G,n =n(z,j) € Z. As
if necessary one can decompose each cell of the tower into an at most countable
number of disjoint sets on which both g(z,j) and n(z, j) are constant, we may
and do assume that g(z, 7) and n(z, j) are functions of only j and write

9()=9(z,5), n(j)=n(z,j) (z€ Ei).
Since
v (E; ] 8(w)) = p(Ey| w) ae we WPe,
we have a p — y/ preserving isomorphism ¢: E;, — E] such that
($(A)] O(w)) = w(Al w) ae. we WP (VA€ E;, nB)
and such that
¢(¢p, () N Eyy) = 0(¢p, () N Ef,

where we consider (p,(x) and 6((p,(x)) as subsets of X and X' respectively.
Then

W (g - R'™ "O(E;)| Blatiy U= g(w))

U 0101 0w dv'U'—nG) -1
I U 0(0).6( )).(T(e(w))> W (Ejy| 6(w))

(1) dvU~"0) -
S ) AT

-nliy, o dl/U—n(j) -
oW w) . (T(w)) - 1(v(E;, )| w)
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(where v € [Pu). With e;, = gy - B9 - v)

=w(agq) - BT - v(Eig)| Broiiy - U9 ()
='u(€ ( lo)lﬂg(J) n(j)(w))
=p(E;| Bg(in - U= (w))
=4 (Ej| By U™ - 6(w)
where we use 8(8j,(;) - U™ (w)) = Bloiin - U9 (8(w)). So, using Hopf-
equivalence by P’,s, we obtain h’ € [P’,/]. such that
Dom(h}) = af;, - R ~"U)(E}),
Im(h}) = E}.

These partial transformations give us partial transformations e] it Eiy — E'

setting
€50 = hj ey R (e Ei).
Then,
( €5 i € [P Xar G,
Dom(e J“)) E;,
Im(ej ;,) = Ej,
(P (€5.30%) = Blgiy - U (¢, (2),
{ag B eji 1|4 € [Pl & 0 - R - €. - Td|s(a) € [P'wi)es

where A C E;,. We note that
€iio € [P Xa Hx & g(j) € H & €}, € [P xo Hl\.

Now let us extend ¢ to a p — p’ preserving measure isomorphism Xy — X by
setting for each j
¢pr=¢j,; b-e,;z (z€E)).

Set
/ =1
€io,i = €0
1 Lol
€51 = €540 " Cig 10

¢ ={ejl s, L€ A}.
Thus we have constructed the desired P’ x o G-tower £’ = {e} ;| 1,7 € A} of the
set Xj.
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We take a P’ xo G-tower 7' of the set E; and a product tower & x 7' of
¢ and 7' so that the refinement £ x 1’ of & approximates S’-orbits and the
measurable subsets of X{ in some fixed precision. Again take a corresponding
partition of the set E;, and copy the tower 7’ into this set in the same way as
the previous argument. Apply again this procedure and contiune back and forth
in this fashion. In the limit we obtain a u — u’ preserving measure isomorphism

¢: Xo — X\ satisfying that for a.e. x,

{ O(P Xa Glxo(2)) =P' xor G|x;(¢(2)),
¢(P Xa HIXO(I)) ZPI X! H[Xé ((l)(l‘)),

where R|x, means the restriction of the relation R to the set Xo. As S is of
type III, we can find a countable parition {X;| ¢ > 0} (resp. {X'i| ¢ > 0}) of
X (resp. X’) and partial transformations d; € [S]. (resp. d; € {S’].) such that
Dom(d;) = Xo and Im(d;) = X; (resp. Dom(d’) = X§ and Im(d}) = X]). Then
the map ¢: Xo — X/, can be extended to an invertible map from X onto X’ by
setting
(d;x) = di(o()), z € Xp.
Then, obviously
{ #(R(z)) = R'(¢(z)),
#(S(z)) = S'(4(z)). ®
Remark 6.1: The part of the proof of Theorem 6.1 after Definition 6.2 shows us in
general that if a countable amenable group G acts on a type I1I; amenable ergodic
relation P as normalizers, then the pair of a normal subgroup {g € Glay € [P]}
and a conjugacy class of modsag (up to the commutant of the associated flow
FP) is a complete invariant. This is known by S. I. Bezuglyi and V. Ya. Golodets
in [BeGo]. Our proof using a copying lemma is very simple.

7. Splitting problem

Let Q be an ergodic relation of type IIT and {Ry, Sg} be a pair of a type II ergodic
relation and a subrelation. Taking the product relations @ X Rp and @ x Sy,
we obtain a type III inclusion Q x Sy C Q x Rg, though. But apparently, this
inclusion is essentially a type II inclusion. In this case we say that the inclusion
is splitting. One can easily see that if S C R is splitting then F¥ = FR. But

the converse is not true.
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PROPOSITION 7.1: Suppose that [R: S] < oo and that R is amenable and of
type Ily. Let {P,H C G,a¢} be the canonical system for S C R and Gy =
{9 € G| mods oy =1d}. Then the following are all equivalent:

1. The inclusion S C R is splitting.
2. FR = FP.
3 Gy=G.

Proof: The direction (1) = (2) is obvious. (2) implies |K| = 1, i.e. (3) holds.
The direction (3) = (1) is not trivial. In fact, we need the assumption that
R is amenable. In the proof of surjectivity of the map Y in Theorem 6.1, we
constructed a model having those complete invariants. If Gy = G, then the
relation and the subrelation S C R constructed there is of the form Q x Sp C
Q x Ry, where Ry and Sy are of type II. Then, due to Theorem 6.1, we see this
model is unique. Therefore (1) holds. |

8. Intermediate subrelation

By A, we denote an intermediate subrelation between R and S which is defined
by
P Xe (H \ G()),

where H Vv G means the group generated by the subgroup H and Gy which is
also a subgroup of G (see Sut[1]). We are concerned with the following two kinds
of the inclusions & C R:
(1) A=S.
(2) R=A.
It is easily seen that
(1) & Go = {e}

and that
(2) e FR=FS & G=HVGy& K =L.

In this section we will investigate these two classes.

PROPOSITION 8.1: A = S if and only if the factor map 15 (FRng = n3F5) is
[R: 8] to 1.
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Proof: We note that [R: S| = |G/H] and that 735 is |[K/L| to 1. If Go = {e},
then K = G,L = H. Hence the factor map is |G/H| = [R: S] to 1. Conversely
if the factor map 73 is [R: S} = |G/H] to 1, then

|G/Gol = |K| = |L| - |K/L| = |L|-|G/H| = |H/Ho| - |G/H| = |G/ Ho|

where Hy = H N Ggy. Hence, Hy = Gy. On the other hand, the subgroup H does

not contain a non-trivial normal subgroup of G. Therefore, Gg = {e}. |

THEOREM 8.1 (Hamachi-Kosaki [HaKo2]): Suppose A = S and that R is
amenable and of type Illy. Then the conjugacy class of a finite extension
(FS,F®,7%) is a complete invariant for the orbit equivalence of S C R.

Proof: Since K = G and L = H, by Theorem 2.4, (FP,FR 2 L) is the
minimal group cover of the extension (FS, F R,w%). Therefore a conjugacy of
(FS,F®, 73) implies a conjugacy of the extension (F”, F®, 7%). By the main
theorem we see that the conjugacy class of the extension (F°, F*, 7%) is a com-

plete invariant. |

As for the case where R = A, since both the flow data from R and S respec-
tively coincide, the inclusion might occur in a type II level. However, this is not
true because of our criterion on splitting (Proposition 7.1). So therefore this type
of inclusion will be interesting. Combining the fact K = L and Theorem 6.1 we

immediately have

PROPOSITION 8.2: In the case R = A and amenable type 111, case, the extension
(FP,F$, wE) is an ergodic group K -extension and the collection of ((G, H, Gy),
(FP,FS,n%)), where G = H V Gy, is a complete invariant for the inclusion
SCR.

In Proposition 3.1(b) of [Sut2] it is claimed that the triple (G, H,Go) is a
complete invariant in case of R = A. However, the flow data (F”,FS,n%) are
missing in the invariant which he obtained. As a matter of fact, the flow data
in case of R = A give us a lot of non-orbit equivalent inclusions as seen in the

following remark.

Remark 8.1: By the construction of S C R in the proof of the surjectivity of
the map T in Theorem 6.1, if we have a family of non-conjugate group G/Gq
extension {({F},{S?},7*}) | A € A} where G = HV Gy and G # Gy, then
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we obtain the corresponding family of Sy C Ry, A € A, which are mutually
non-orbit equivalent and non-splitting. Examples of an uncountable family of
non-conjugate G/Gq extensions are known for instance in [Rudl] and [Rud?2] in
case of G = S3, H = 55 C S3 and Gy = Z3 C S3.

ACKNOWLEDGEMENT: The author would like to thank the referee for his helpful
comments.
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